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A temperature dependent bulk viscosity coefficient is used in 3 + 1-dimensional hydrodynamic
simulations. I study the effect of the increase of bulk viscosity around the critical temperature
on the system dynamics in central Pb+Pb collisions at
√
sNN = 2760 GeV. With increasing bulk
viscosity the life-time of the system increases slightly. Also the shape of the freeze-out hypersurface
changes, the outer layers of the fireball live longer. This effect causes a small reduction of the ratio
of two interferometry radii Rout/Rside, improving the agreement with experimental data.
I. INTRODUCTION
The interferometry correlations are a sensitive mea-
sure of the space-time evolution of the system formed in
heavy-ion collisions. The interferometry, or Handburry-
Brown Twiss (HBT) radii, extracted from the same-sign
pi-pi correlation function give an estimate of the size of
the region where the pion pair is emitted [1, 2]. From the
studies of Au-Au collisions at BNL Relativistic Heavy Ion
Collider energies it has been found that hydrodynamic
simulations describe fairly well the experimental data on
HBT correlations [3, 4]. Similar agreement is seen for
Pb+Pb collisions at the CERN Large Hadron Collider.
From the analysis of the three dimensional pi-pi corre-
lation function three radii parameters can be extracted
[5, 6], Rout, Rside, and Rlong. A key assumption required
to reach agreement with the data is the use of a hard
equation of state for the matter created in the collision.
A softening of the equation of state leads to an increase
of the Rout/Rside ratio [7, 8], that would spoil the agree-
ment with the experimental data. The measurement of
the Rout/Rside value close to one suggests a rapid ex-
pansion of the fireball. Besides a hard equation of state,
other effects that enable transverse expansion lead to a
reduction of Rout/Rside. The factors that influence the
transverse expansion are shear viscosity, preequilibrium
flow or steeper gradients in the initial entropy distribu-
tion [3, 4, 9, 10]. Using a hard equation of state and re-
alistic assumptions for the initial density profile and the
preequilibrium flow the observed ratio Rout/Rside can be
reproduced in hydrodynamic models to within 10%.
A sizable value of the bulk viscosity may slow down
the expansion of the fireball. It is expected that around
the QCD critical temperature the value of bulk viscos-
ity rises [11]. This peak in the temperature dependence
of bulk viscosity has been implemented in a number of
hydrodynamic simulations [12–15]. The conclusion from
these studies is that bulk viscosity of matter influences
the transverse expansion of the fireball. Bulk viscosity
leads to a reduction of the effective pressure.
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This rises the question, whether introducing a signifi-
cant bulk viscosity around the critical temperature would
not invalidate the good description of the interferometry
data. In an expanding system bulk viscosity reduces the
effective pressure and acts in a similar way as a soft point
in the equation of state. In this paper I investigate this
question in explicit hydrodynamic simulations for central
Pb-Pb collisions. Contrary to naive expectations, I find
that the presence of a large bulk viscosity peak around
the critical temperature does not lead to an increase of
the Rout/Rside ratio. In fact one finds a small decrease
in that ratio for simulations with bulk viscosity, driving
it closer to the experimental value.
II. MODEL AND CALCULATIONS
I perform calculations in a 3 + 1-dimensional viscous
hydrodynamic model [16]. The shear viscosity to entropy
density ration is η/s = 0.08. The bulk viscosity to en-
tropy ratio is temperature dependent
ζ/s =
ζH
s
1
1 + exp ((T − TH) /∆T1) + c
ζpeak
s
(T ) (1)
where
ζpeak
s
(T ) =

l1 exp
(
T/TH−1
s1
)
+ l2 exp
(
T/TH−1
s2
)
for T < Ta
A0 +A1
T
TH
+A2
(
T
TH
)2
for Ta < T < Tb
l3 exp
(
1−T/TH
s3
)
+ l4 exp
(
1−T/TH
s4
)
for T > Tb
(2)
and TH = 180MeV, Ta = 179.1MeV, Tb = 189MeV,
∆TH = 4MeV, A0 = −13.45, A1 = 27.55, A2 = −13.77,
l1 = 0.9, l2 = 0.26, l3 = 0.9, l4 = 0.256, s1 = 0.0025,
s2 = 0.022, s3 = 0.025, s4 = 0.13. The parametrization
of the bulk viscosity peak is similar as in [12]. In the
following I study two different cases c = 0, 1 (Fig. 1).
The first case corresponds to no bulk viscosity peak, with
bulk viscosity appearing only at low temperatures. Such
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FIG. 1. (color online) The temperature dependence of the
ratio of the bulk viscosity coefficient to entropy density ζ/s
for the two scenarios considered, with bulk viscosity in the low
temperature only (solid line) and with an additional peak of
bulk viscosity around the critical temperature (dotted line).
a small bulk viscosity appears naturally in a mixture of
massive particles with nonequilibrium distributions. The
parametrization with c = 1 includes a bulk viscosity peak
around the critical temperature as expected from lattice
QCD results [11]. The height of the bulk viscosity peak is
also estimated from fits to particle spectra and azimuthal
harmonic flow coefficients [15]. In the following I denote
the two scenarios by the value of bulk viscosity at TH ,
that is ζ/s = 0.02, 0.35. An increase in the bulk viscosity
implies larger dissipative correction in the hydrodynamic
evolution. The corresponding entropy production in the
evolution is compensated by a reduction of the initial en-
tropy for calculation with larger bulk viscosity to obtain
the same final particle multiplicity at central rapidity.
The results presented further correspond to the freeze-
out temperature of 150 MeV. The Cooper-Frye formula
for the emission of hadrons from the freeze-out hypersur-
face includes nonequilibrium corrections from both shear
tensor and bulk viscosity. Bulk viscosity corrections are
included using the relaxation time approximation [17].
I have checked that varying the freeze-out temperature
down to 140 MeV does not change the conclusions.
From pion pairs a Bose-Einstein symmetrized correla-
tion function is constructed [18] and binned in bins of av-
erage transverse momentum of the pion pair. The three
dimensional correlation function in relative pair momen-
tum q is fitted with a Gaussian formula [5, 6]
C(q) = 1 +λ exp
(−R2outq2out −R2sideq2side −R2longq2long) .
(3)
The three components of q are defined along the beam
axis (qlong), along the pair transverse momentum (qout),
and transverse to those (qside). The interferometry anal-
ysis is summarized by the three HBT radii Ri as functions
of the average pair momentum kT .
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FIG. 2. (color online) The shape of the freeze-out hypersur-
face from hydrodynamic simulations with two scenarios for
the bulk viscosity coefficient, with and without a bulk viscos-
ity peak (dotted and solid lines respectively).
III. SMOOTH INITIAL CONDITIONS
To present a simple example I calculate the evolution of
the fireball with smooth initial density density. The en-
tropy density is obtained from the optical Glauber model.
The density in the transverse plane is proportional to a
combination of densities of participant nucleons ρw(x, y)
and binary collisions ρbin(x, y)
s(x, y) ∝ (1− α)ρW (x, , y) + 2αρbin(x, y) , (4)
with α = 0.15 [19]. The normalization of the initial den-
sity is adjusted in order to reproduce the charged particle
multiplicity. The calculation is performed for zero impact
parameter for illustration.
The bulk viscosity peak reduces the transverse flow
at the edge of the fireball. It causes a retardation of
the expansion at the edge. The resulting freeze-out hy-
persurface is slightly modified (Fig. 2). The effect on
the freeze-out hypersurface can be described as a change
from a scenario with earlier freeze-out in the outer lay-
ers (“burning log scenario”) to a freeze-out at constant
proper time. The total life-time of the system is similar
in the two scenarios.
Both calculations, with and without a bulk viscosity
peak, reproduce the HBT radii fairly well (Fig. 3). The
differences in the HBT radii between the two scenarios
are small, less than 5%. The increase of bulk viscosity
around the critical temperature does not modify strongly
the dynamics. Note that the Rout/Rside ratio decreases
when the bulk viscosity peak is introduced (Fig. 4).
This decrease may be understood as due to the observed
change in the shape of the freeze-out surface [20]. The
ratio Rout/Rside is larger when the outside layers of the
fireball freeze-out earlier.
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FIG. 3. (color online) The HBT radii for central Pb-Pb colli-
sions at 2760GeV. ALICE Collaboration data (squares) com-
pared to hydrodynamic calculations with smooth initial con-
ditions, with (dotted lines) and without (solid lines) a peak
in the temperature dependence of bulk viscosity.
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FIG. 4. (color online) The ratio of HBT radii Rout/Rside for
central Pb-Pb collisions at 2760 GeV. ALICE Collaboration
data (squares) are compared to hydrodynamic calculations
using smooth initial conditions with (dotted line) and without
(solid line) a peak in the temperature dependence of bulk
viscosity.
IV. EVENT-BY-EVENT HYDRODYNAMIC
SIMULATIONS
A realistic modeling of the collective expansion in
heavy-ion collisions requires hydrodynamic simulations
to be performed for an ensemble of fluctuating initial
conditions. I use a Glauber Monte Carlo model to gen-
erate the initial entropy density [21]. The density in the
transverse plane is written as a sum of Gaussians of width
0.5 fm centered at the positions of the participant nucle-
ons. A contribution of binary collisions is added with
α = 0.15. In Fig. 5 are shown the freeze-out hyper-
surfaces corresponding to the same initial Monte Carlo
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FIG. 5. (color online) Same as Fig. 2 but starting the evo-
lution with one particular initial condition from a Glauber
Monte Carlo model.
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FIG. 6. (color online) Same as Fig. 3 but for a calcula-
tion using an ensemble of fluctuating initial conditions from
a Glauber Monte Carlo model.
Glauber event (one particular event with 377 participant
nucleons) but evolved with hydrodynamics with or with-
out a peak in the temperature dependence of bulk vis-
cosity. The effect of bulk viscosity is qualitatively similar
as for smooth initial conditions. Quantitatively the dif-
ference between the two scenarios is larger at the very
edge of the fireball, due to larger local gradients of the
density in event-by-event simulations. The increase in
bulk viscosity hinders the expansion in the outer layers
of the fireball, where the initial gradients are the largest.
It leads to a freeze-out hypersurface, where inner layers
freeze-out earlier.
For each event a freeze-out hypersurface is defined and
the pion pair correlation function is constructed. After
averaging over events, HBT radii are extracted from the
Gaussian formula (Eq. 3). For realistic event-by-event
simulations one gets similar conclusions as for the ex-
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FIG. 7. (color online) Same as Fig. 4 but for a calcula-
tion using an ensemble on fluctuating initial conditions from
a Glauber Monte Carlo model.
pansion from the smooth initial density discussed in the
previous section. The change in the value of the radii is
small (Fig. 6). The final effect on the HBT radii is to
reduce the Rout/Rside ratio by up to 3% for the calcula-
tion with a bulk viscosity peak (Fig. 7). This improves
the description of the data.
V. CONCLUSIONS
I have tested the effect of a peak in the temperature
dependence of bulk viscosity on the size and the life-time
of the source in Pb-Pb collisions at 2760GeV. The in-
crease of bulk viscosity around the critical temperature
slows down the expansion of the fireball in the outer lay-
ers, where initially the gradients are the largest and the
temperature of matter is close to the critical tempera-
ture. The relative increase in the life-time of the fireball
is small in central Pb-Pb collisions, and limited to the
outer layers of the fireball.
The effective softening of the equation of state due to
the bulk viscosity peak does not lead to an increase of the
Rout/Rside ratio. This observation is contrary to expec-
tation from earlier studies of the sensitivity of the HBT
radii to the equation of state [7, 8]. Surprisingly, the ratio
Rout/Rside is reduced when the bulk viscosity peak is in-
troduced. Although the expansion is slightly slower with
bulk viscosity, the shape of the hypersurface is modified
in such a way as to reduce the problematic Rout/Rside
ratio by a few percent, making it closer to the data.
It would be interesting to include the interferometry
radii in the data constraining the parameters of the mat-
ter created in relativistic heavy-ion collisions using ex-
haustive Bayesian statistical analyses. Existing analysis
have studied a matter either without a bulk viscosity
peak or they do not take the HBT radii in the data used
to constraint the parameters [15, 22–24]. The present
result suggests that the presence of a peak in the tem-
perature dependence of bulk viscosity would be consis-
tent with an enlarged analysis including HBT radii in
the data set. Further insight could be gained by study-
ing the effects of bulk viscosity on the HBT radii in small,
rapidly expanding systems, as in p+Pb collisions.
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